Diffusion of particles in a heterogeneous system separated by a semipermeable membrane is investigated. The particle dynamics is governed by fractional diffusion equations in the bulk and by kinetic equations on the membrane, which characterizes an interface between two different media. The kinetic equations are solved by incorporating memory effects to account for anomalous diffusion and, consequently, non-Debye relaxations. A rich variety of behaviours for the particle distribution at the interface and in the bulk may be found, depending on the choice of characteristic times in the boundary conditions and on the fractional index of the modelling equations.
Introduction
Many of the fundamental problems in biology and engineering are characterized by systems separated by a membrane [1, 2] . In a general context, one can emphasize that membranes mainly act as barriers and as transporters. In other words, they are responsible for (i) the selectivity of particles by means of sorption and desorption processes and, consequently, (ii) the
The problem: diffusion and kinetics
Let us consider an infinity medium where all the relevant quantities diffuse in one dimension (the x-direction). For simplicity, we consider that there is a membrane located at x = 0, so it divides the space in two regions, x > 0 (side 1) and x < 0 (side 2). The membrane's thickness ξ is sufficiently thin to assure that only the kinetic processes are relevant in this region (figure 1). We consider that the distributions of the particles in the bulk are governed by the fractional diffusion equations ∂ ∂t ρ 1 (x, t) = K 1 0 D Figure 1 . The steps of the formalism proposed here may be summarized as follows: the particles present in region 1 are sorbed (with a rate k s1 ) by a membrane placed between two media and, by means of a kinetic process, the substance may be transported from region 1 to region 2, with a rate k 1 . Likewise, the substance in region 2 may also be sorbed (with a rate k s2 ) by the surface and then transported to region 1, with a rate k 2 . Note that the membrane thickness ξ is considered sufficiently small, i.e. |ξ | → 0, to avoid the diffusion in this region. (Online version in colour.)
for 0 < x < ∞, and
2) for −∞ < x < 0. In equations (2.1) and (2.2), K 1 and K 2 are, respectively, the generalized diffusion coefficients of regions 1 and 2. The quantities ρ 1 and ρ 2 represent the density of particles in each side and the fractional time derivative present in equations (2.1) and (2.2) is the Riemann-Liouville one, i.e.
3) with 0 < α 1(2) < 1 [26, 27] . Note that the values 0 < α 1 < 1 and 0 < α 2 < 1 are connected with a subdiffusive process, whereas α 1 = α 2 = 1 corresponds to usual diffusion. It is worth noting that the fractional diffusion equation is an important tool for describing anomalous diffusion in general (e.g. [28] [29] [30] ). On each side of the membrane, the following equations apply:
and
5) where k 1 (t) and k 2 (t) are related to the rate of particle transport through the membrane from the one side to the other side. This set of equations, which connect the current density from both sides, are intended to describe the sorption, desorption and transport of the particles from one region (e.g. region 1) to the other (e.g. region 2). In these equations, C side,1 (t) and C side,2 (t) represent the density of particles at the membrane on each side, obtained from the bulk by a sorption process. The first term in the right side of equations (2.4) and (2.5) gives the time variation of the particles sorbed by the surfaces of the membrane and the others terms are related to the transport of the particles sorbed from the one side to the other side. For the sorption process and desorption processes on the surface, we propose that they are modelled by the following kinetic equations [13] : 
In the above equations, ρ 1 (0, t) and ρ 2 (0, t) are the bulk density just in front of the membrane, on sides 1 and 2, respectively. k si (i = 1, 2) are parameters connected to the sorption phenomena, being related to a characteristic sorption time τ i ∝ 1/k si , and k di (t) is a kernel that governs the desorption phenomena. These equations state that the time variation of the surface density of sorbed particles at a given side depends on the bulk density of particles just in front of the membrane, and on the surface density of particles already sorbed [13] . They extend the usual kinetic equations (Langmuir approximation) to situations characterized by non-usual relaxations, i.e. non-Debye relaxations for which a non-exponential behaviour of the densities can be obtained, depending on the choice of the kernels [13, 31] . The underlying physical motivation of the time-dependent rate coefficients can be related with the fractal nature, low-dimensionality or macromolecular crowding of the medium [32] [33] [34] [35] , and even with the anomalous molecular diffusion [36] . Moreover, a linear response approach [37] was proposed to describe this temporal behaviour and there is a possible connection with the generalization of the mass action law [38, 39] . From a phenomenological point of view, the choice of the kernels of the equations (2.6) and (2.7) can be related to surface irregularities [32] , which are important in adsorption-desorption, to diffusion, to catalysis processes, and to microscopic parameters representing the van der Waals interaction between the particles and the surfaces [40] . A kernel like k di (t) has been used in several contexts to express non-Debye relaxation, yielding non-trivial behaviour description and allowing for different or combined effects in a single kinetic equation [13] . In a few words, equations (2.6) and (2.7) are proposed to represent the sorption of the particles on each surface with the rates k s1 and k s2 . After the sorption process, the particles present on the surface can be desorbed, with the rates k d1 (t) and k d2 (t). They can also be transported throughout of the membrane with the rates k 1 (t) and k 2 (t). Thus, the usual current balance [13, 31] is modified by the second and third terms on the right side of equations (2.4) and (2.5) in order to represent the transport of particles from side 1 to side 2 and vice versa. For a cell membrane, k 1 (t) and k 2 (t) may be related to a continuous-time discrete Markov process of two stages for the transition rates as the channel can exist either in a closed or in an open state on each side. In this sense, they may be connected to the probability of opening the channel in a given side in order to make possible the transport of particles from the one side to the other. Furthermore, equations (2.4) and (2.5) can also be related to generalized reactive boundary conditions and the presence of fractional time derivatives are connected to the possibility of non-usual relaxation in the bulk, as discussed below. Formal derivations and possible applications in biological contexts of the fractional diffusion equation with reactive boundary conditions can be found in [41] [42] [43] . In particular, due to the non-Markovian nature of subdiffusion, these conditions seem to be more suitable than the usual reaction-diffusion equation with reaction term independent on the transport one [41] . It is also interesting to mention that equations (2.4) and (2.5) are coupled with equations (2.6) and (2.7) in such way that processes occurring in one side modifies the dynamic of the other side. The searched solutions are also subjected to the homogeneous boundary conditions ∂ x ρ 1 (∞, t) = 0 and ∂ x ρ 2 (−∞, t) = 0 to conserve the number of particles present in the system. For a non-conservative situation, it is possible to consider inhomogeneous boundary conditions which may be related to a source or sink.
The boundary conditions incorporated in the diffusion equations imply that which, after using equations (2.4) and (2.5), become
By adding equations (2.9) and (2.10), one finds
from which equation (2.8) can be obtained. Equation (2.11) also shows that the mass (number of particles) variation on side 1 is connected to the variations on side 2. In particular, the negative sign shows that the variation of particles on one side (gain or loss) produces an opposite variation on the other side. The set of equations (2.6)-(2.8) covers a general scenario from which some specific situations can be investigated. Let us consider some concrete cases in order to illustrate how previous formalism works. For this, we initially suppose that all the particles are located in the region x > 0 (region 1), such that the initial conditions are, in a general form, ρ 1 (x, 0) = ϕ(x) (with ∞ 0 dxρ 1 (x, 0) = 1), ρ 2 (x, 0) = 0 and C side,1 (0) = C side,2 (0) = 0). As time evolves, region 2 gets occupied by particles from region 1 as a product of the membrane transport and, consequently, the density of particles at region 2 is totally dependent on the role developed by the membrane. The general solution in different media may be established by using the Laplace transform, where
, and the Green function approach. We note that the solution of equation (2.2), in the Laplace space, is given by
from which it is possible to show that 14) which enables us to reduce equation (2.4) to
with
By means of the Green function approach, the solution for ρ 1 (x, s) can be written as 17) in which the Green function is defined as 
By analysing equation (2.18), we note that the processes present at the membrane have direct influence on the dynamics of the particles in region 1. The presence of k 2 (s), k d2 (s) and k s2 in ω(s) implies that the sorption and desorption processes in region 2 and, consequently, the particle transport (from region 2 to region 1) modify the dynamic of the particles in region 1. After performing the inverse Laplace transform with k 1 (s) = k 1 = const., k d1 (s) = k d1 = const., k 2 (s) = k 2 = const. and k d2 (s) = k d2 = const., equations (2.18) and (2.12) can be written, respectively, as
22) where
and α = β = 1 − α 2 /2. The quantities Π (t) and I ω ζ (t) introduced above are defined, respectively, as
and [27] and E α,β (x) is the two parameters Mittag-Leffler function-functions connected to anomalous relaxation of the system due to the presence of fractional time derivative in equations (2.1) and (2.2). for the particles present in region 2 with t = t/τ 1 . In figure 2b , the dashed lines are guides to the eyes representing the diffusive regimes. We consider, for simplicity, k 1 Now, let us first apply the previous results to the situation characterized by the particles being transported (e.g. osmotic process) from one side to the other, i.e. k 2 = 0 with k 1 = 0. In connection to a cell membrane, the constant k 1 may also be related to the opening channels rate, which are able to conduct the substance from one side to the other, as mentioned before. In this case, equations (2.9) and (2.10) imply that
These equations show that in region 1 the substance (number of particles) is decreasing and in region 2 the substance (number of particles) is increasing due to the transport across the membrane with the rate k 1 . Figure 2 shows the behaviour of the distribution for two different values of α 2 and the mean square displacement in region 2. In particular, we consider that α 1 = 1 in region 1, and in region 2, Note that, in region 1, the regime is initially usual but, after some time has elapsed, it becomes subdiffusive as the membrane promotes adsorption, desorption and transport of particles, thus inducing particle crowding in region 1. The dashed lines are guides to the eyes representing the diffusive regimes. We consider, for simplicity, . From figure 2b, we observe that the behaviour of the mean square displacement is asymptotically governed by the bulk equations for k 2s = 0 and may exhibit an anomalous behaviour depending on the α 2 value. For this case, in the asymptotic limit of long times, i.e. t → ∞, we have (x − x ) 2 → t α 2 showing that bulk effects have a pronounced role on this diffusive regime. The initial behaviour manifested in figure 2b by the particles in region 2 is an evidence of the confinement of particles by the membrane during the process of passage from region 1 to 2. For intermediate times, we have the presence of different regimes, e.g. as evidenced in figure 2b for α 2 = 1 by the straight lines. Similar feature also occurs for α 2 = 1 2 until the system reaches the asymptotic regime characterized by subdiffusion. The different regimes manifested for both cases, presented in figure 2b, show the influence of the membrane which represents an obstacle to the passage of the particles from the one side to the other side. They are transitory until the movement of the system achieves the regime governed by the bulk equation for long times. In fact, for this case, in the asymptotic limit of long times, i.e. t → ∞, we have ( 2 x) 2 → t α 2 showing that bulk effects have a pronounced role on this diffusive regime.
The spreading of the system also depends on the processes at the surface on region 2, which may involve different diffusion regimes. This feature is illustrated in figure 3a by comparing the In particular, this asymptotic behaviour in region 1 is due to the reverse transport of particles, i.e. k 2 = 0, from region 2 to region 1, as shown in (b) when compared with case k 2 = 0. In the inset of figure 4b, we show that k 2 = 0 led us asymptotically to a usual diffusion and k 2 = 0 a subdiffusive regime. Region 2, similarly to the previous case, manifests a different behaviour followed by a usual diffusion. We consider, for simplicity, cases k s2 = 0 (solid black line) and k s2 = 0 (dashed black line) with k 2 = 0. We verify that initially the behaviour of the particles transported from region 1 to region 2 after leaving the membrane is superdiffusive (green dashed line) followed by an usual behaviour for k s2 = 0 or a subdiffusive one for k s2 = 0. In figure 3b , we show that in region 1, which initially presents usual diffusion, the process evolves towards anomalous diffusion for long times. This fact can be attributed to the surface, which is sorbing, desorbing and transporting particles out of region 1. Figure 4a shows the behaviour of the mean square displacement for both regions when case k 2 = 0 is considered, i.e. the membrane also permits a reverse (e.g. osmotic) process. In figure 4b, cases k 2 = 0 and k 2 = 0 are compared for region 1. We observe that k 2 = 0 leads to the recovery of the usual diffusion in the asymptotic limit, whereas case k 2 = 0 results in a subdiffusive regime. Similar to the previous case, we verify that the particles present in region 1 manifest different regimes due to the membrane. In particular, for k 2 = 0, the asymptotic limit lead us to a regime governed by the bulk equation with ( 1 x) 2 → t α 1 for region 1. For region 2, the spreading of the system is asymptotically governed by ( 2 x) 2 → t (α 2 +α 1 )/2 . This result depends on α 2 contrast with the cases discussed for k 2 = 0 in figures 2 and 3 which only depends on α 2 in the asymptotic limit and the sorption-desorption processes manifested by the membrane.
Discussion and conclusion
We have investigated the behaviour of the particle distribution in the bulk and at the interface of a heterogeneous system separated by a membrane. The substance can be sorbed and desorbed by the surface. It can be also transported from one region to other. The results obtained have shown a rich class of behaviours and how the bulk and the membrane may influence the behaviour of the system. In particular, from figures 3a and 4b, we observe that this influence on diffusion may be responsible for the existence of different diffusive regimes for the particles in region 2 (as can be seen in figure 3a) or for different asymptotic regimes of the particle distribution in region 1 if a reverse transport process is allowed (as shown in figure 4b) . The results presented here may find applications, for instance, to investigate the behaviour of living cells due to the many peculiarities of these systems, such as sources of obstruction and binding that happen in these high density and viscosity media occurring because of molecular crowding. In particular, diffusion in biological systems is observed to be orders of magnitude slower than the one predicted by the usual diffusion theory [44] , which has led authors to incorporate anomalous diffusion when modelling diffusion on cell membranes (e.g. [45] [46] [47] ). The model has been formulated here as general as possible to be applied to a wide variety of experimentally relevant situations.
Data accessibility. The figures were done by performing numerical calculations by using equations (2.17) (after performing the inverse Laplace transform), (2.20) and (2.21).
